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Synchronous, coherent interaction is key for the functioning of our brain. The coordinated

interplay between neurons and neural circuits allows to perceive, process and transmit in-

formation between single neurons within and across neural populations, but also between

distinct brain areas. As such, synchronization phenomena occur across all scales of the brain:

at a microscopic scale where individual neurons may fire together due to some common input,

at a mesoscopic scale where fluctuating local field potentials reflect the waxing and waning

of coherent firing activity of a population of neurons, and at a macroscopic scale where these

local field potential fluctuations of one neural population interact with those of another to

generate large-scale cortical oscillations and brain rhythms. Prominent examples are ∼10 Hz

alpha oscillations in the visual cortex or ∼20 Hz beta oscillations in the motor cortex.

The coordination of oscillatory activity between cortical regions is hypothesized to be sub-

ject to a particular type of neural synchrony that can be captured by the concept of phase

synchronization. Accordingly, phase models have naturally found their way into computa-

tional neuroscience. They describe large-scale synchronization phenomena that are linked

to cognition or motor performance, but also to diseases such as epilepsy. A brief but com-

prehensive introduction from neural synchrony and oscillations to phase synchronization of

large-scale brain networks is depicted in Chapter 1. The remainder of the dissertation ad-

dresses in detail various approaches to explain and model phase synchronization phenomena

in oscillatory neural networks.

Chapter 2 provides the necessary mathematical theory upon which a sound phase de-

scription of oscillator networks builds. After an introduction of the key ingredients that

characterize oscillatory behavior in terms of phase (and amplitude) variables, I outline both

analytical and numerical phase reduction techniques that allow to distill the phase dynam-

ics from complex oscillatory networks. While numerical techniques can be used to reduce

phase dynamics for almost every kind of oscillatory dynamics, analytic approaches heavily

rely on a simplified form of the dynamics. In the case of emerging oscillations through a

supercritical Hopf bifurcation, a Hopf normal form reduction can transform the oscillatory

dynamics appropriately such that the phase dynamics can be extracted analytically. Since

the Hopf bifurcation allows for a rigorous step-by-step reduction from the actual to the phase

dynamics, I concentrate on networks of oscillators close to this type of bifurcation in our

subsequent comparison between reduction techniques and their respective applications.

In particular, I apply phase reduction to networks of weakly coupled Brusselators and

of Wilson-Cowan neural masses in Chapter 3. Given its full mathematical tractability, the

Brusselator as an exemplary chemical oscillator serves perfectly for the comparison of the

different phase reduction techniques when changing the complexity of the coupling between
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oscillators from linear to nonlinear. While all reduction techniques typically reveal the

same phase dynamics when the individual oscillators are close to the Hopf bifurcation, the

reduced dynamics start to diverge for larger distances from the bifurcation point. Away

from bifurcation boundaries the numerical reduction techniques clearly outperform analytical

techniques with respect to the accuracy of the phase model. Moreover, differences between

reduced phase models are catalyzed by the nature of coupling. More accurate analytic phase

reduction techniques, such as Poincaré’s approach via nonlinear transforms that respects

the bifurcation parameter-dependency at every reduction step, outperform less accurate

techniques, e.g., Kuramoto’s reductive perturbation approach. This is particularly true when

considering nonlinear coupling functions. But neither of them comes close to the accuracy

of numerical reduction techniques.

Equipped with these insights, we approach the network of Wilson-Cowan neural masses.

The nonlinear character of both the uncoupled node dynamics as well as of the coupling

term, complicates analytic phase reductions, and their accuracy blows up when leaving a

close vicinity of the bifurcation point. Numerical phase reduction techniques, however, can be

demonstrated to derive phase models that accurately predict the collective network dynamics.

In this way, not only the transition between synchronous and asynchronous network states

can be revealed, but also the existence of stable two-cluster states or slow-switching behavior

can be indicated. The predicted transitions between dynamical regimes are confirmed by

network simulations of the full dynamics.

The inherent assumptions of most phase reduction techniques emerge from the theory of

weakly coupled oscillators. A rigorous phase reduction requires (nearly) identical oscilla-

tors, weak coupling strengths between oscillators, and often a pairwise coupling structure

without delays. Some extensions are possible and allow for loosening some of the assump-

tions. However, as I discuss at the end of that chapter, collective dynamics subject to, e.g.,

strong coupling or to realistic network structures can hardly be predicted when relying on

mathematically sound phase reductions.

Leaving a rigorous reduction of phase models aside, we concentrate in the following on

synchronization phenomena of complex phase oscillator networks. In Chapter 4 I introduce

first the Ott-Antonsen ansatz along which the time-asymptotic collective dynamics of cou-

pled phase oscillators can be exactly described to evolve on a low-dimensional manifold. I

use the Ott-Antonsen theory to investigate the effect of network-network interactions on the

macroscopic dynamics when coupling two symmetric populations of phase oscillators. The

oscillators’ natural frequencies in each population follow a unimodal Lorentzian distribution,

which is shifted between populations. This setup is compared against a single network of

oscillators whose frequencies are distributed according to a symmetric bimodal Lorentzian.

I can prove that both networks are topologically equivalent: The network of two coupled,

symmetric populations of phase oscillators exhibits qualitatively the same macroscopic, or-

der parameter dynamics as the network consisting of a single population with bimodally

distributed frequencies.

In Chapter 5 I extend the applicability of the Ott-Antonsen ansatz to parameter-dependent

oscillatory systems. By adapting the original proof of Ott and Antonsen, I provide the
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mathematical basis to capture the collective dynamics of coupled oscillators when additional

parameters influence the individual dynamics. Consequently, a variety of more complex

oscillator networks can be shown to fall within the class of systems applicable for the Ott-

Antonsen ansatz, and their collective dynamics is guaranteed to converge to the respective

low-dimensional Ott-Antonsen manifold. An important example is a network of quadratic

integrate-and-fire neurons. I rigorously prove that their macroscopic dynamics, given in

terms of the mean firing rate and the mean membrane potential, can be exactly described

along the so-called Lorentzian ansatz, which is the counterpart of the Ott-Antonsen ansatz in

the framework of spiking neurons. Moreover, I briefly revisit other examples that belong to

the applicable class of parameter-dependent oscillatory systems. They range from networks

of pulse-coupled Winfree oscillators to limit-cycle oscillators with shear, and also include

networks with particular connectivity structures, external forcing, and time delay.

Chapter 6 bridges the gap between theoretical models and experimental data. The phase

time series of resting state MEG data display large-scale brain activity at the edge of criti-

cality. This critical brain state manifests in two distinct dynamical features, namely partial

phase synchronization and scale-free temporal dynamics. These complex notions of criti-

cality are to be retrieved from the phase dynamics of two seminal neural mass models, the

Freeman and the Wilson-Cowan model. This starts with reducing neurophysiological phase

models from the underlying neural mass dynamics, and analyzing them subsequently with

respect to their phase synchronization properties in space and time. The Freeman phase

model exhibits scale-free temporal behavior, whereas the Wilson-Cowan phase model shows

a transition to partial synchrony. However, neither of the reduced phase models can capture

the full dynamical spectrum of critical brain activity. One can conclude that even sophis-

ticated phase models that respect complex structural connectivity as well as realistic delay

structures are not sufficient to describe the dynamical richness of cortical oscillatory activity

as represented in the recorded data.

Finally, I revisit the main research questions in Chapter 7, which read: What is the best

way to distill the phase dynamics of a complex oscillatory network? Under which circum-

stances can a low-dimensional description capture the collective dynamics of complex phase

oscillator networks? Do phase oscillator networks cover seminal characteristics of experi-

mental data from the cortex? Building on the results of the first chapters, I suggest that the

interplay between analytical and numerical phase reduction techniques is key for providing

an accurate phase description of complex oscillatory networks, provided that they fall within

the realm of weakly coupled oscillators. In this case, phase models provide a powerful means

to describe (phase) synchronization patterns of interacting neural oscillators. Moreover, the

Ott-Antonsen ansatz (and its extension to parameter-dependent systems) allows to explore

the rich yet low-dimensional collective dynamics of coupled oscillators in a mathematically

rigorous way. Alone, there is an apparent gap between data and phase models that cannot

be filled. This mismatch provokes a discussion about the nature of phase models and their

usefulness. Yet, if they are accurately reduced from the underlying dynamics, phase models

undoubtedly prove to be indispensable when assessing phase synchronization phenomena of

complex oscillatory neural networks.


